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٢ұాࣉ

2025 ೥ 1 ݄ 24 ೔（2025 ೥ 1 ݄ 31 ೔微修正）

Ψ΢ε෼෍ͷఆٛٯ 1
,Ψ΢ε෼෍͸ٯ (0, ∞) ্ͷ࿈ଓ֬ܕ཰෼෍Ͱ͋Δ. Ψ΢ε෼෍ʹै͏֬཰ม਺ͷٯ਺ͷै

 
͏෼෍ͱ͸ҟͳ 

ΔͷͰ஫ҙ͕ඞཁͰ͋Δ. ٯΨ΢ε෼෍͸, ҎԼͷ֬཰ີ౓ؔ਺ʹΑͬͯఆٛ͞Ε, 2छྨͷ parametrization

͕͋Δ.
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√
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√

β

2πt3
exp

{
−βt

2

(
θ − 1

t

)2
}

(t > 0, θ > 0, β > 0) (1.2)

f(t | µ,λ) =
√

λ

2πt3
exp

{
−λ(t− µ)2

2µ2t

}
(t > 0, µ > 0, λ > 0) (1.3)

ࣜ (1 1) ʹΑͬͯఆٛͨ͠ٯΨ΢ε෼෍Λ IG(µ,α2) ·ͨ͸ IG1(µ,α), ࣜ (1 2) ʹΑͬͯఆٛͨ͠ٯΨ΢ε

෼෍Λ IG2(θ,β)ͱ͢ه. ͜ͷଞʹ΋༷ʑͳ parametrization͕͋Δ. ྫ͑͹, R packageͷ statmodͰ͸ࣜ

(1 3)ͷύϥϝτϥΠζΛ༻͍͓ͯΓ, λΛ shape parameterͱݺΜͰ͍Δ. ࣜ (1 1)Ͱఆٛͨ͠৔߹, Ψ΢ٯ

ε෼෍ IG1(µ,α)ͷฏۉͱ෼ࢄ͸, µͱ (µα)2 = µ3/λͱͳΔ. Αͬͯ, µ͸ฏۉ, α͸มಈ܎਺ʢcoefficient of

variationʣΛද͍ͯ͠Δ. 2ͭͷ parametrizationͷؔ܎͸ҎԼͷ௨ΓͰ͋Δ.

µ = 1/θ, α =
√
βθ =

√
µ/λ, λ =

µ

α2

2 Ψ΢ε෼෍ͱϒϥ΢ϯӡಈٯ

,Ψ΢ε෼෍͸ٯ Wt Λඪ४ϒϥ΢ϯӡಈͱͯ͠, ҎԼͷ֬཰աఔͷ first passage timeͷ෼෍ͱͯ͠ಛ௃෇

͚ΒΕΔ.
X0 = 0, Xt = ηt+ σWt

͋Δᮢ஋ τ ʹॳΊͯ౸ୡ͢Δ·Ͱʹ͔͔Δ࣌ؒ (first passage time)͸, ҎԼͷٯΨ΢ε෼෍ʹै͏.

Tτ := inf{t > 0 | Xt = τ} ∼ IG
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3 ࣌ؒ༧ଌϞσϧͱ BPTϞσϧͷ༥߹ (SSD-BPT model; Ogata, 2002)

.Δ͑ߟΜͩϞσϧΛࠐΓྔʣͷ৘ใΛ૊Έ׈ʢྔىོ ,͍͓ͯʹ܎Ψ΢ε෼෍ͱϒϥ΢ϯӡಈͷؔٯ ᮢ஋ τ

ྔىོ͕ uʹґଘ͍ͯ͠ΔϞσϧΛ͑ߟΔ.

࣌ؒ༧ଌϞσϧͷఆࣜԽΛ͍ࢥग़͢. ҎԼͷه߸Λ༻͍Δ.

• Ui: i൪໨ͷ஍਒ൃੜ࣌ͷོྔى

• Oi: i൪໨ͷ஍਒ൃੜ࣌ࠁ (O0 = 0)

• Ti = Oi −Oi−1: ஍਒ൃੜִؒ

࣌ؒ༧ଌϞσϧͰ͸, Ui−1 ,ଌ͞ΕͨԼͰ؍͕ i− 1൪໨ͷ׆ಈ͔Β i൪໨ͷ׆ಈ·Ͱͷ৚݅෇͖ظ଴ܦա࣌

ؒ E[Ti | Ui−1]ʹରͯ͠, ҎԼͷΑ͏ͳϞσϧΛ͍ͯ͑ߟΔ.

E[Ti | Ui−1] =
Ui−1

ν
= βUi−1, β :=

1

ν

͢ͳΘͪ, ੾ย߲͕ 0ͷ୯ճؼϞσϧͱͳ͍ͬͯΔ.

࣌ؒ༧ଌϞσϧͱ BPTϞσϧͷ੔߹ੑΛ͑ߟΔͱ, ᮢ஋ τ ͱོྔى u͸ൺྫؔ܎ʹ͋Δͱ͑ߟΔ͜ͱ͕ଥ

౰Ͱ͋Δ.

βui−1 = E[Ti | Ui−1 = ui−1] = E[Tτi ] =
τi
η

ͦͷͨΊ, ྔىོ U ͕ᮢ஋ τ ͱൺྫؔ܎ʹ͋ΔͱԾఆ͢Δ.

ui = aτi

͢ͳΘͪ, η ͱ σ ͸׆ಈʹΑΒͣҰఆͰ, ᮢ஋ོ͚͕ͩྔىʹΑͬͯมԽ͢Δͱ͍͏ϞσϧΛ͑ߟΔ. Tτ ͷظ

଴஋͕ τ/η Ͱ͋Δ͜ͱʹ஫໨͢Δ͜ͱͰ, ҎԼͷؔ܎Λ͑ߟΔ͜ͱ͕Ͱ͖Δ.

βui−1 = E[Ti | Ui−1 = ui−1] = E[Tτi ] =
τi
η

⇒ βa =
1

η

τi = ηβui−1 Ͱ͋Δ͔Β, ҎԼͷ৚݅෇͖ϞσϧΛࣗવʹಋग़Ͱ͖Δ.

σ2

ητi
=

σ2

η2βui−1
= β

(aσ)2

ui−1
⇒ Ti | Ui−1 = ui−1 ∼ IG

(
βui−1,β

γ2

ui−1

)
, γ := aσ

ύϥϝʔλͷҙຯΛ͑ߟΔͱ, େོ͖͍ྔىʢ஍਒ʣ΄Ͳมಈ܎਺͕খ͘͞ͳΔͱ͍͏ϞσϦϯάʹͳͬͯ

͍Δ.

Ti ͷ৚݅෇͖ظ଴஋ͱ৚݅෇͖෼ࢄ͸, ͦΕͧΕҎԼͰ༩͑ΒΕΔ.

E[Ti | Ui−1 = ui−1] = βui−1, Var[Ti | Ui−1 = ui−1] = β3γ2ui−1

͜ͷϞσϧ͸, Ogata (2002, JGR)Ͱ͸ SSD-BPTϞσϧͱݺ͹Ε͍ͯΔ. ͜͜Ͱ, SSD͸ Slip-Size Depen-

dentͰ͋Δ.

4 पลϞσϧ΋ར༻ͨ͠ਪఆʢ৽ͨͳఏҊख๏, ෆ࣮֬ੑͷྀߟͳ͠ʣ

,Λආ͚ΔͨΊ͞ࡶͷ൥߸ه ҎԼͰ͸ Ti ͱ Ui−1 ͷ indexΛ iʹ౷Ұ͢Δ. ಘΒΕ͍ͯͳ͍σʔλ͕ྔىོ

ͷར༻Λ͑ߟΔ. σʔλ͕গͳ͍ͨΊ, ύϥϝτϦοΫͳϞσϧΛ͑ߟΔ. ؒ۠ʹಠཱʹ͍ޓ͕ྔىོ [0,∞)

্ͷ੾அਖ਼ن෼෍ TN(µu,σ2
u, 0,∞)ʹै͏ͱԾఆ͢Δ. ͦͯ͠, ҎԼͷΑ͏ͳϞσϧΛ͑ߟΔ.

(Ti, Ui) ∼ IG

(
βUi,

βγ2

Ui

)
× TN(µu,σ

2
u, 0,∞)
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ਤ 3.1: ࣌ؒ༧ଌ BPTϞσϧͷΠϝʔδਤ

ଞʹ΋ΨϯϚ෼෍ʹΑΔϞσϦϯά΋͑ߟΒΕΔʢΨϯϚ-࣌ؒ༧ଌ BPTϞσϧͱݺͿʣ.

(Ti, Ui) ∼ IG

(
βUi,

βγ2

Ui

)
×Gam(αu,λu)

ͦͯ͠, पล໬౓ͷ࠷େԽΛ͑ߟΔ͜ͱͰ, Δ͜ͱ͕͑ߟղੳΛྀͨ͠ߟଌ͞Ε͍ͯͳ͍σʔλ΋؍͕ྔىོ

Ͱ͖Δ*1.

fT (t; θ, ξ) =

∫
fT |U (t | u; θ)fU (u; ξ) du, θ = (β, γ), ξ = (µu,σ

2
u) or (αu,λu)

ੵ෼ࣗମ͸, ,͍ͯ༺ͳͷͰ͜͜Ͱ͸Ұ୴਺஋ੵ෼Λݩ1࣍ पล໬౓Λ͢ࢉܭΔ. EM algorithmʹΑΔ࠷దԽ

΋͑ߟΒΕΔ͕, .Βͳ͍ݶ༰қͱͳΔͱ͸͕ࢉܭ

ैͬͯ, ଌ͞Ε͍ͯͳ͍σʔλ؍͕ྔىོ T1, . . . , Tm ͱོྔىͱִ͕࣌ؒؒ྆ํͱ΋؍ଌ͞Ε͍ͯΔσʔλ

(Um+1, Tm+1), . . . , (Um+n, Tm+n)͕ͦΕͧΕपล෼෍ͱಉ࣌෼෍͔Β͍ޓʹಠཱʹಘΒΕ͍ͯΔͱ͢Δ. ͜

ͷͱ͖, ͜ΕΒͷ؍ଌσʔλʹର͢Δ໬౓͸ҎԼͰ༩͑ΒΕΔ.

L(θ, ξ | D(m,n)) =
m∏

i=1

fT (Ti; θ, ξ)×
n∏

j=1

fU (Um+j ; θ, ξ)×
n∏

j=1

fT |U (Tm+j | Um+j ; θ)

1361೥ 8݄ 3೔ͷೆւ஍਒Ҏ߱ͷσʔλΛ༻͍ͯ, ղੳͯ͠ΈΔ. ͦΕҎલͷσʔλͰ͸, ൃੜִ͕ؒஶ͠

͘ҟͳΔͨΊ, ෼෍ͷಉҰੑ่͕ΕΔͱ൑அͨ͠. ্ड़ͷ໬౓ؔ਺ʹྔىོ͖ͮجͷෆ࣮֬ੑΛ࠷ʹྀͣͤߟ

໬ਪఆΛద༻͢ΔͱҎԼͷΑ͏ͳ݁Ռ͕ಘΒΕͨ.

• β̂TN = 0.7986, γ̂TN = 0.0637, µ̂u = 1.319, σ̂2
u = 0.5372

• β̂Gam = 0.7994, γ̂Gam = 0.0637, α̂u = 33.51, λ̂u = 23.67

ྫ͑͹, ΨϯϚ-SSD-BPTϞσϧΛͯ͑ߟ, ্ड़ͷύϥϝʔλΛ༻͍࣮ͯ͠ݧ, ैདྷͷ BPTϞσϧΛ౰ͯ͸

ΊͯΈΔ. ۩ମతʹ͸, n = 5× 105 ͷִ࣌ؒؒΛൃੜͤ͞, ͦͷσʔλΛ༻͍ͨ࠷໬ਪఆʹΑͬͯ BPTϞσ

ϧΛ౰ͯ͸Ίͨ݁ՌΛҎԼʹ͢ه. ൃੜִؒͷΈͷσʔλΛ༻͍ͨ৔߹, α = 0.2͕ਪఆ͞ΕΔ͜ͱͱ੔߹ͯ͠

͍Δ.

*1 దԽ͕೉͍͠ͱ͍͏໰୊఺͕͋Δ࠷
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BPT model: mu = 1.13, alpha = 0.182 (gam = 0.0637)
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ਤ 4.1: ΨϯϚ-SSD-BPTϞσϧͷपล෼෍ͱ BPTϞσϧʹΑΔۙࣅ

4.1 ৚݅෇͖Ϟσϧͷ γ ͱपลϞσϧͷมಈ܎਺ αͷؔ܎

γ ͱ αͷؔ܎ʹ͍ͭͯ, ࠞཚΛটͨ͘Ί, ͦΕΒͷҧ͍ʹ͍ͭͯਖ਼֬ʹड़΂Δ. ·ͣ, SSD-BPTϞσϧ͸ོ

,Λ৚݅෇͚ͨԼͰͷ৚݅෇͖ϞσϧͰ͋Δʹ΋ؔΘΒͣྔى ͷͳ͍৔߹ͷྔىོ BPT෼෍ͱͯ͠ղऍͯ͠

͍Δ఺͕ཧղͷ๦͛ͱͳ͍ͬͯΔ. ͜ͷ఺Λྀͣͤߟ, ҎԼͷؔࣜ܎ͷΈʹ஫໨͢Δͱ, γ Λখ͘͞ੵݟ΋Δ͜

ͱʹ఍͕ײ߅ੜͯ͡͠·͏.

√
Var(T | U = ui)

E[T | U = ui]
= αi =

√
β

ui
γ, Var(T | U = u) = β3γ2u, E [Var(T | U)] = β3γ2E[U ]

,߹ఆͨ͠৔ݶΛگఆͨ͠৔߹͸ঢ়ݻΛྔىོ ౰વͦͷ͹Β͖ͭ͸, ฏۉతʹོྔىΛ͑ߟͳ͍पล෼෍ͷ͹

Β͖ͭΑΓ΋খ͘͞ͳΔͱ͑ߟΔͷ͕ଥ౰Ͱ͋Ζ͏. ͭ·Γ, ্ड़ͷ৚݅෇͖ͷมಈ܎਺ αi ͸, ྔى୺ͳོۃ

Ͱͳ͍ݶΓ, पล෼෍Ͱਪఆ͞Εͨมಈ܎਺ α = 0.2ΑΓ΋খ͘͞ͳΔํ͕ࣗવͰ͋Δ. ͜ͷٞ࿦Λ౿·͑ͯ,

γ ͷࣄલ෼෍ͷઃܭΛߦΘͳ͚Ε͹, ෆద੾ͳղੳ݁ՌΛಋ͘͜ͱͱͳΔ. ಛʹ, ͜Ε·ͰͷོྔىΛ͑ߟͳ͍

पล෼෍ʹର͢Δ α ʹؔ͢Δ৘ใΛ্ड़ͷ͔ࣜΒ naiveʹมͯ͠׵, γ ͷࣄલ෼෍Λઃ͢ܭΔͱ, େ෯ͳաେ

ධՁͱͳΔՄೳੑ͕͋Δ. ྫ͑͹, ҎԼͷ ᾱΛपล෼෍ʹର͢Δ αͱͯ͑ߟ, ม͢׵ΔͱաେධՁͱͳΔՄೳ

ੑ͕͋Δ.

ᾱ =
1

n

n∑

i=1

αi = γ
1

n

n∑

i=1

√
β

ui

΋͏গ͠਺ֶతʹ͜ͷݱ৅Λઆ໌͢Δ. ্ड़͸มಈ܎਺Ͱ͸͋Δ͕, ·ͣ෼ࢄΛ͑ߟΔ. Α͘஌ΒΕ࣮ͨࣄͱ

ͯ͠, ৚݅෇͖෼ࢄͷظ଴஋͸पล෼ࢄΑΓ΋ඞͣখ͘͞ͳΔ.

Var(T ) = E
[
(T − E[T ])2

]
= EU [Var(T | U)] +EU

[
(E[T | U ]− E[T ])2

]

≥ EU [Var(T | U)]

มಈ܎਺ʹରͯ͠͸, ͜ͷΑ͏ͳγϯϓϧͳࢉܭͰ͸ࣔ͢͜ͱ͕Ͱ͖ͳ͍͕, ຊ࣭తʹ͸ಉ͡ཧ༝ͰաେධՁ

ͷՄೳੑ͕͋Δ. ᾱ ͸৚݅෇͖มಈ܎਺ͷظ଴஋ͷਪఆྔͰ͋Γ, पล෼෍ͷมಈ܎਺ͱ͸ผ෺Ͱ͋Δ͜ͱ͕

.Ҽͱͳ͍ͬͯΔݪ

4



ྫ͑͹, ΨϯϚ-SSD-BPTϞσϧͷ৔߹Λͯ͑ߟΈΑ͏. पลظ଴஋ͱपล෼ࢄ͸, E[T ] = βαu/λu ͱ

Var(T ) = EU [Var(T | U)] +EU

[
(E[T | U ]− E[T ])2

]

= β3γ2E[U ] + β2Var(U) =
β3γ2αu

λu
+
β2αu

λ2u
=

(βγ2λu + 1)β2αu

λ2u

Ͱ༩͑ΒΕΔ. ͢ͳΘͪ, पล෼෍ͷมಈ܎਺͸,

√
Var(T )

E[T ] =
β
√
(βγ2λu + 1)αu

λu
× λu
βαu

=

√
βγ2λu + 1

αu

ͱͳΔ.

࣍ʹ, ৚݅෇͖มಈ܎਺ͷظ଴஋Λͯ͑ߟΈΑ͏. Jensenͷෆ౳ࣜΑΓ,

E
[√

Var(T | U)

E[T | U ]

]
≤

√

E
[
Var(T | U)

E[T | U ]2

]

͕੒Γཱͭ͜ͱʹ஫ҙ͢Δ. Ұํ, ଴஋ΑΓظΨϯϚ෼෍ͷٯ (αu > 1),

E
[
Var(T | U)

E[T | U ]2

]
= βγ2E

[
1

U

]
=
βγ2λu
αu − 1

ΛಘΔ. ͕ͨͬͯ͠, ҎԼΛಘΔ.

ᾱ =
1

n

n∑

i=1

αi ≈ E
[√

Var(T | U)

E[T | U ]

]
≤

√
βγ2λu
αu − 1

≈ 0.049,

√
Var(T )

E[T ] =

√
βγ2λu + 1

αu
≈ 0.179

਺஋͸, ্ड़ͷਪఆ݁Ռʢβ̂Gam = 0.7994, γ̂Gam = 0.0637, α̂u = 33.51, λ̂u = 23.67ʣΛ౰ͯ͸Ίͨ৔߹Ͱ͋

Γ, पล෼෍ͷมಈ܎਺Λͯ͠ݟ·͏ͱେ෯ͳաେධՁͱͳΔ͜ͱ͕Θ͔Δ. ·ͨ, ্ड़ͷࢉܭͰ͸؆୯ͷͨ

Ί, Jensenͷෆ౳ࣜΑΓ্քͷධՁΛ͕ͨͬߦ, ৚݅෇͖มಈ܎਺ͷਖ਼֬ͳظ଴஋͸

E
[√

Var(T | U)

E[T | U ]

]
=

Γ(αu − 1/2)

Γ(αu)

√
βγ2λu

Ͱ༩͑ΒΕΔ.
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